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Abstract
We examine the known curvature terms in the DBI part of the D-brane action
under the T-duality transformation. Using the compatibility of the action with the
standard rules of T-duality at the linear order as a guiding principle, we include the
appropriate NS-NS B-field terms in the action and show that they reproduce the
O(α′2) terms of the corresponding disk-level scattering amplitude.
1garousi@mail.ipm.ir
1 Introduction
The dynamics of D-branes is well-approximated by the effective world-volume field theories
which consist of the sum of Chern-Simons (CS) and Dirac-Born-Infeld (DBI) actions. The
CS part describes the coupling of D-branes to the RR fields which can be found by requiring
that the chiral anomaly on the world volume of intersecting D-branes (I-brane) cancels with
the anomalous variation of the CS action. This action for a single D-brane is given by
[1, 2, 3],
SCS = Tp
∫
Mp+1
C ∧ (e2piα′F+B) ∧
(A(4π2α′RT )
A(4π2α′RN )
)1/2
(1)
where Mp+1 represents the world volume of the Dp-brane, C is meant to represent a sum
over all appropriate RR potential and A(RT,N) is the Dirac roof genus of the tangent and
normal bundle curvatures respectively,√√√√A(4π2α′RT )
A(4π2α′RN) = 1 +
(4π2α′)2
384π2
(trR2T − trR2N ) + · · · (2)
For totally-geodesic embeddings of world-volume in the ambient spacetime, RT,N are the
pulled back curvature 2-forms of the tangent and normal bundles respectively (see the
appendix in ref. [4] for more details).
The DBI action on the other hand describes the dynamics of the brane in the presence
of the NSNS background fields. At the lowest order it can be found by requiring the
consistency with T-duality [5]
SDBI = −Tp
∫
dp+1x e−φ
√
− det (Gab +Bab + 2πα′Fab) (3)
where Gab and Bab are the pulled back of the bulk fields Gµν and Bµν onto the world-
volume of D-brane2. The curvature corrections to this action has been found in [4] by
requiring consistency of the effective action with the O(α′2) terms of the corresponding
disk-level scattering amplitude [6, 7]. For totally-geodesic embeddings of world-volume in
the ambient spacetime, the corrections in string frame for zero Bµν , Fab and for constant
dilaton are [4]
S=
Tp
4
(4π2α′)2
32π2
∫
dp+1x e−φ
√
−G
(
RabcdR
abcd − 2RˆabRˆab −RabijRabij + 2RˆijRˆij
)
(4)
where Rˆab = G
cdRcadb and Rˆij = G
cdRcidj. Here also a tensor with the world-volume or
transverse space indices is the pulled back of the corresponding bulk tensor onto world-
volume or transverse space. For the case of D3-brane with trivial normal bundle the above
2Our index conversion is that the Greek letters (µ, ν, · · ·) are the indices of the space-time coordinates,
the Latin letters (a, d, c, · · ·) are the world-volume indices and the letters (i, j, k, · · ·) are the normal bundle
indices.
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curvature couplings have been modified in [4] to include the complete sum of D-instanton
corrections by requirement the SL(2, Z) invariance of the couplings.
It has been pointed out in [8] that the anomalous CS couplings (1) must be incomplete
as they are not compatible with T-duality. T-duality exchanges the components of the
metric and the B-field whereas the couplings (1) includes only the curvature terms. The
same argument can be applied to the curvature terms in the DBI action to conclude that
this action is incompatible with the T-duality. However, we will show that in the absence
of the B-field the particular combinations of the curvature terms in (4) is invariant under
T-duality transformation. In this paper we would like to modify the curvature terms in the
DBI part to be compatible with the T-duality in the presence of B-field, at least to linear
order in the transformations.
The constant dilaton appears in the string frame action (4) as the overall factor e−φ.
The combination e−φ
√−G is invariant under T-duality transformation (see e.g., [8]). When
dilaton is non-constant one may expect that the effective action includes the derivatives
of φ. These terms however must appear in the action, along with the graviton and B-
field, in a combination of T-dual invariant terms. We will see that it is hard to find a
combination of terms involving the derivatives of dilaton which are invariant under the
T-duality transformation. Another possibility is that the dilaton may appear in the string
frame action only as e−φL where L does not include the dilaton. The action in the Einstein
frame then includes derivatives of the dilaton through the relation Gµν = e
φ/2GEµν which
relates the string frame metric to the Einstein frame metric. We will show explicitly by
scattering amplitude calculations that the couplings of one dilaton and one graviton, and
the couplings of two dilatons at order α′2 appears in the Einstein frame action only through
this replacement in the string frame action (4).
An outline of the paper is as follows: We begin the section 2 by introducing our strategy
for finding T-dual completion of a term in the effective action. Using this, we find the T-
dual completion of the curvature terms in (4) in subsections 2.1-2.4. In sections 3 we show
that the B-field couplings that we have found are fully consistent with the S-matrix element
of two B-fields at order α′2, and write the result in terms of the field strength of B-field,
i.e., H = dB. In section 4 we show that the non-constant dilaton appears in the string
frame action only through the overall factor of e−φ.
2 T-duality
In this section we will show that the curvature terms in (4) are inconsistent with T-duality
and we will construct a form of the couplings which is consistent with T-duality, at least to
linear order in the transformations. To simplify the calculations, we are employing static
gauge. That is, first we employ spacetime diffeomorphisms to define the Dp-brane world-
2
volume as xi = 0 with i = p + 1, · · · , 9, and then with the world-volume diffeomorphisms,
we match the internal coordinates with the remaining spacetime coordinates on the surface,
σa = xa with a = 0, 1, · · · , p. In static gauge the pull-back operations can be ignored and
only the restriction of the Riemann tensor to the appropriate subspace is required. We will
consider perturbations around flat space where the metric takes the form gµν = ηµν + hµν
where hµν is a small perturbation. We denote the Riemann tensor to linear order in h by
Rµνρλ. This linear Riemann tensor is,
Rµνρλ = 1
2
(hµλ,νρ + hνρ,µλ − hµρ,νλ − hνλ,µρ) (5)
where as usual commas denote partial differentiation.
The full set of T-duality transformations has been found in [9, 10]. Assuming the NSNS
fields are small perturbations around the flat space and assuming that we are performing
T-duality in a Killing direction specified by the label y, the relevant transformations take
the form (see e.g., [11]),
φ˜ = φ− 1
2
hyy, h˜yy = −hyy, h˜µy = Bµy, B˜µy = hµy, h˜µν = hµν , B˜µν = Bµν (6)
with µ, ν 6= y. In above transformation the metric is the string frame metric.
Our strategy for finding T-duality invariant couplings corresponding to the curvature
terms in (4) is as follows: Suppose we are implementing T-duality along a world volume
direction of Dp-brane denoted y. A world-volume index in the contracted Riemann tensors
can be separated into y index and the world-volume index which does not include y. We
denote this type of world-volume indices as ”tilde” indices, i.e., (a˜, b˜, c˜, · · ·). These indices
are complete world-volume indices of the Dp−1-brane in the T-dual theory. However, the
y index in the T-dual theory which is a normal bundle index is not a complete index. On
the other hand, the normal bundle indices of the original theory i.e., (i, j, k, · · ·) are not
complete in the T-dual theory. They are not include y. We denote this type of normal
bundle indices as “tilde” indices, i.e., (˜i, j˜, k˜, · · ·). In a T-dual invariant theory, the y
indices must be combined with the incomplete normal bundle indices (˜i, j˜, k˜, · · ·) to give
the complete normal bundle indices (i, j, k, · · ·) in the T-dual theory. So one must add new
terms to the curvature terms of (4) to have the complete indices in the T-dual theory.
One may also implement T-duality along a transverse direction of Dp-brane denoted
y. In this case one must separate the transverse indices to y and the transverse indices
(˜i, j˜, k˜, · · ·) which do not include y. The complete world-volume indices of the Dp-brane
in the original theory, i.e., (a, b, c, · · ·), are not the complete indices of Dp+1-brane in the
T-dual theory which we denote them (a˜, b˜, a˜, · · ·). They must include y to be complete.
On the other hand, this time the “tilde” transverse indices are complete indices of the
Dp+1-brane in the T-dual theory, whereas the y index which is a world-volume index in the
T-dual theory must be combined with the incomplete world-volume indices (a˜, b˜, a˜, · · ·) to
give the complete world-volume indices of the Dp+1-brane.
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Let us consider each curvature terms in (4) separately.
2.1 RabcdRabcd term
We begin by examining the curvature term RabcdRabcd under linear T-duality transforma-
tion. We are implementing T-duality along a world volume direction of Dp-brane. So we
write it as
(Rabcd)2 = (Ra˜b˜c˜d˜)2 + (ha˜y,b˜c˜ − hb˜y,a˜c˜)2 + (hyy,a˜b˜)2 (7)
Our notation is such that e.g., (Rabcd)2 = RabcdRabcd. Under the T-duality transformation
(6), it transforms to
(Rabcd)2 → (Ra˜b˜c˜d˜)2 + (Ba˜y,b˜c˜ − Bb˜y,a˜c˜)2 + (hyy,a˜b˜)2 (8)
Because there are incomplete transverse index y, one concludes that the original curvature
term is not consistent with T-duality even in the absence of the B-field. One must add
some terms to the curvature term to have completed indices in the T-dual theory. A T-
dual expression can be constructed from graviton and B-field, or can be constructed from
graviton, B-field and dilaton. In the former case, one may consider the following terms:
(Rabcd)2 + (Bai,bc − Bbi,ac)2 + α1(hij,ab)2 + β1(Bci,ab)2 + γ1(hcd,ab)2
where α1, β1 and γ1 are three constants that we will find by requiring the above combination
to be invariant under the T-duality transformation (6). Doing the same steps as we have
done for (Rabcd)2, one finds that the above expression transforms under the T-duality to
the following terms:
(hyy,a˜b˜)
2(−1 + α1 − β1 + γ1) + (hyi,a˜a˜)2(2− 2α1 + β1) + (Byc˜,a˜b˜)2(−β1 + 2γ1) + · · · (9)
where dots refer to the terms which have complete indices.
To have a T-dual expression, one must impose the vanishing of the coefficient of the
above three terms which have the incomplete index y. Since the three equations are not
independent this fixes β1 and γ1. The T-dual completion of the curvature term is then
(Rabcd)2 + (Bai,bc −Bbi,ac)2 + α1(hij,ab)2 − (2− 2α1)(Bci,ab)2 − (1− α1)(hcd,ab)2 (10)
Because of the third and the last terms in the above expression which are not tensor under
the diffeomorphism, the effective action can not have only the curvature (Rabcd)2, as it
is. We will see that the non-tensor gravity terms in (10) disappear in the total curvature
terms in (4). Similarly, the B-field couplings above can not be written in terms of the field
strength of B-field, i.e., H = dB, which again confirms that the effective action can not
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have only the curvature (Rabcd)2. We will see that all B-field couplings corresponding to
the total curvature terms in (4) can be written in terms of H .
One may try to find a T-dual completion of (Rabcd)2 by including the derivative of the
dilaton field. We have found that it is very unlikely to have such a T-dual completion. We
will consider the effect of the non-constant dilaton in section 4.
2.2 RˆabRˆab term
We begin this subsection by noting that the linear curvature Rˆab has on-shell ambiguity.
The linear form of this curvature as defined in (4) is
Rcacb = 1
2
(hcb,ac + hac,cb − hcc,ab − hab,cc) (11)
Using the on-shell conditions that graviton is traceless and satisfies ∂µhµν = 0, one can
write the above equation as
− 1
2
(hib,ai + hai,ib − hii,ab − hab,ii) (12)
which is −Riaib. One can easily observe that neither of the above expressions is invariant
under T-duality when a, b 6= y. The third term in the first expression can be decomposed
as hc˜c˜,a˜b˜ + hyy,a˜b˜ and transforms to hc˜c˜,a˜b˜ − hyy,a˜b˜ under T-duality which is not invariant.
Similarly, the third term in the second expression above transforms to hi˜˜i,a˜b˜ under T-duality
which is not invariant either. However, the combination 1
2
(hcc,ab−hii,ab) can be decomposed
as 1
2
(hc˜c˜,a˜b˜+hyy,a˜b˜−hii,a˜b˜) which transforms to 12(hc˜c˜,a˜b˜−hyy,a˜b˜−hi˜˜i,a˜b˜) under T-duality. This
can be written as 1
2
(hc˜c˜,a˜b˜ − hii,a˜b˜). So the combination 12(hcc,ab − hii,ab) is invariant under
the T-duality transformation. We fix the above ambiguity by choosing the combination
that is invariant under T-duality, i.e.,
Rˆab = 1
2
(Rcacb −Riaib) (13)
Using this expression for the curvature, we now find the T-dual completion of the curvature
squared. The world-volume indices of this term can be decomposed as
(Rˆab)2 = (Rˆa˜b˜)2 +
1
2
(hc˜y,a˜c˜ − ha˜y,c˜c˜)2 + 1
4
(hyy,c˜c˜)
2
Under the T-duality transformation (6), it transforms to
(Rˆab)2 → (Rˆa˜b˜)2 +
1
2
(Bc˜y,a˜c˜ −Ba˜y,c˜c˜)2 + 1
4
(hyy,c˜c˜)
2
5
There are incomplete transverse index y in the second and last terms, so one concludes
that the original curvature term is not consistent with T-duality. One may consider the
following terms:
(Rˆab)2 + 1
2
(Bic,ca −Bia,cc)2 + β2(Bia,cc)2 + γ2(hab,cc)2 (14)
where β2 and γ2 are two constants. Doing the same steps as we have done for (Rˆab)2, one
finds that the above expression transforms under the T-duality to the following terms:
(hyy,c˜c˜)
2(
1
4
+ γ2) + (hyi,c˜c˜)
2(
1
2
+ β2) + (Bya˜,c˜c˜)
2(−β2 + 2γ2) + · · · (15)
where dots refer to the terms which have complete indices. To have a T-dual expression,
one may again impose the vanishing of the coefficient of the above three terms which have
the incomplete index y. The T-dual completion in this case is the following couplings:
(Rˆab)2 + 1
2
(Bic,ca −Bia,cc)2 − 1
2
(Bia,cc)
2 − 1
4
(hab,cc)
2 (16)
The curvature term again is not invariant under T-duality even in the absence of B-field.
As a cross check of the equations (10) and (16), we find the T-dual completion of the
Gauss-Bonnet combination at quadratic order. One can easily observes that Rˆ2 where Rˆ is
obtained from Rˆab by contracting the tangent indices, is invariant under T-duality. Using
the equation (10) for α1 = 0 case and equation (16), one finds that the T-dual completion
of the Gauss-Bonnet combination at quadratic order is
(Rabcd)2 − 4(Rˆab)2 + Rˆ2 +
+(Bai,bc − Bbi,ac)2 − 2(Bci,ab)2 − 2(Bic,ca − Bia,cc)2 + 2(Bia,cc)2
where we have ignored some total derivative terms. The first line is the Gauss-Bonnet
combination and the second line is its corresponding B-fields. Note that the non-tensor
terms cancel each other in the T-dual completion of the Gauss-Bonnet combination. The
Gauss-Bonnet combination is a topological invariant in four dimensions, but it is a total
derivative at quadratic order in all dimensions. One can easily check that the above B-field
terms can be written as a total derivative term as expected.
2.3 RabijRabij term
The world-volume indices of this term can be written as
(Rabij)2 = (Ra˜b˜ij)2 +
1
2
(hjy,ia˜ − hiy,ja˜)2
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Under the T-duality transformation (6), this transforms to
(Rabij)2 → (Ra˜b˜˜ij˜)2 +
1
2
(Bj˜y,˜ia˜ −Bi˜y,j˜a˜)2
= (Ra˜b˜ij)2 −
1
2
(ha˜y,b˜i − hb˜y,a˜i)2 +
1
2
(Bjy,˜ia˜ − Biy,j˜a˜)2 (17)
where in the second line we have written the incomplete indices i˜, j˜ in terms of the complete
indices i, j. There is still incomplete transverse index y in the second and third terms. So
the original curvature term is not consistent with T-duality. The T-dual completion in this
case is the following couplings:
(Rabij)2 + 1
2
(Bki,aj − Bkj,ai)2 + 1
2
(Bac,bi − Bbc,ai)2 − 1
2
(Bki,aj)
2 − 1
2
(Bac,bi)
2 (18)
In this case the curvature term alone is invariant under T-duality in the absence of B-field.
2.4 RˆijRˆij term
This curvature also has on-shell ambiguity. The linear form of this curvature as defined in
the action (4) is Rcicj, however, using the on-shell condition it can be written as −Rkikj.
In this case also we fix this ambiguity by choosing the T-dual invariant combination, i.e.,
Rˆij = 1
2
(Rcicj −Rkikj) (19)
Since the curvature Rˆij is T-duality invariant when i, j 6= y, the transformation of the
curvature squared term (Rˆij)2 under the T-duality becomes
(Rˆij)2 → (Rˆi˜j˜)2
= (Rˆij)2 − 1
2
(ha˜y,a˜j − hyj,a˜a˜)2 + 1
4
(hyy,a˜a˜)
2
There is the incomplete transverse index y on the left hand side of the above equation, so
the original curvature term is not consistent with T-duality. To have a T-dual expression,
one should consider the following terms:
(Rˆij)2 + 1
2
(Bab,bj −Baj,bb)2 + α3(hij,cc)2 + β3(Bai,cc)2 (20)
where α3 and β3 are two constants. Doing the same steps as before, one finds that the
above expression transforms under the T-duality to the following terms:
(hyy,c˜c˜)
2(
1
4
+ α3) + (hyi,c˜c˜)
2(−2α3 + β3) + (Bya˜,c˜c˜)2(−1
2
− β3) + · · · (21)
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where dots refer to the terms which have complete indices. To have a T-dual expression,
one must again impose the vanishing of the coefficient of the above three terms which have
the incomplete index y. The T-dual completion in this case is the following couplings:
(Rˆij)2 + 1
2
(Bab,bj − Baj,bb)2 − 1
4
(hij,cc)
2 − 1
2
(Bai,cc)
2 (22)
which indicates that the curvature term is not invariant under the T-duality transformation
(6) even in the absence of the B-field.
The non-covariant gravity term in (22) appears also in the T-dual invariant expression
(10). To cancel this term one must fix the constant α1 in (10) to be
α1 =
1
2
(23)
Using this constant, one finds that the gravity term (hab,cc)
2 in the T-dual expressions (10)
and (16) is also canceled. As a result, the combination of the T-dual expressions (10), (16)
and (22) is covariant.
3 ∂H∂H couplings
Now adding the equations (10), (16), (18), (22), and using the integration by part, e.g.,
(hab,cd)
2 = (hab,cc)
2, one finds that the non-tensor graviton terms, e.g., (hab,cd)
2, are canceled
among the curvature terms in (4), i.e., the particular combination of the curvature squared
terms in (4) is invariant under the linear T-duality transformations (6) in the absence of the
B-field. In the presence of B-field, consistency with the T-duality transformations requires
that one must include in the action (4) the B-field couplings (10), (16), (18), (22). Ignoring
some total derivative terms, one finds the following couplings:
Bki,ajBkj,ai +Bac,biBbc,ai − 1
2
(Bki,aj)
2 − 1
2
(Bac,bi)
2
−(Bic,ca)2 − 2Bab,biBai,cc + (Bab,bi)2 + (Bai,bb)2 (24)
To check that these couplings are the complete couplings of two B-fields to the Dp-brane,
they must be reproduced by the O(α′2) contact terms of the corresponding disk-level scat-
tering amplitude. The scattering amplitude of two NSNS states from Dp-brane is given by
[6, 12]
A(ε1, p1; ε2, p2) = −1
8
Tpα
′2K(1, 2)
Γ(−α′t/4)Γ(α′q2)
Γ(1− α′t/4 + α′q2)
=
1
2
TpK(1, 2)
(
1
q2t
+
π2α′2
24
+O(α′4)
)
(25)
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where q2 = pa1p
b
1ηab is the momentum flowing along the world-volume of D-brane, and
t = −(p1+p2)2 is the momentum transfer in the transverse direction. The kinematic factor
is3
K(1, 2) =
(
2q2a1 +
t
2
a2
)
(26)
where
a1 = Tr(ε1 ·D) p1·ε2 ·p1 − p1 ·ε2 ·D·ε1·p2 − p1 ·ε2 ·εT1 ·D·p1 − p1 ·εT2 ·ε1 ·D·p1
−1
2
(p1 ·ε2 ·εT1 ·p2 + p2 ·εT1 ·ε2 ·p1) + q2Tr(ε1 ·εT2 ) +
{
1←→ 2
}
(27)
a2 = Tr(ε1 ·D) (p1·ε2 ·D·p2 + p2 ·D·ε2·p1 + p2 ·D·ε2·D·p2) + p1 ·D·ε1 ·D·ε2·D·p2
−1
2
(p2 ·D·ε2·εT1 ·D·p1 + p1 ·D·εT1 ·ε2 ·D·p2) + q2Tr(ε1 ·D·ε2 ·D)
−q2Tr(ε1 ·εT2 )− Tr(ε1 ·D)Tr(ε2 ·D) (q2 − t/4) +
{
1←→ 2
}
,
where the diagonal matrix D has a +1 entry for the direction tangent to the world-volume
of the static Dp-brane and −1 for a normal direction.
The leading terms of the expansion (25) are reproduced by the field theory consisting of
the DBI action and the two-derivative bulk supergravity action [6, 12]. It has been shown
in [4] that the O(α′2) terms of the above amplitude when the two NSNS states are gravitons
are reproduced by the curvature squared terms in (4). We have explicitly check that the
O(α′2) terms of the string amplitude (25) when the two NSNS states are B-field are exactly
reproduced by the D-brane couplings in (24).
We now try to write the couplings (24) in terms of field strength. In [13] it has been
shown that the four B-fields corrections to supergravity action can be written in terms of
the generalized R4 terms in which the spin connection is shifted by the field strength of B-
field, i.e., ω → ω+H which gives the shift Rµνρλ → Rµνρλ+∂[µHν]ρλ. One may expect that
the two B-field couplings that we have found can also be written in terms of the generalized
curvature terms. However, there is no such an analogy in the effective action of the D-
brane. To see this we note that the couplings in (24) have either three world-volume and
one normal bundle indices or three normal bundle and one world-volume indices, whereas
the curvature couplings in (4) have either four world-volume indices or two world-volume
and two normal bundle indices.
One can easily show that the terms in (24) which have three normal bundle and one
world-volume indices can be written as −1
6
(∂aHijk)
2 where Hijk = Bij,k + Bki,j + Bjk,i,
and the rest can be written as−1
3
(∂iHabc)
2 + 1
2
(∂aHbci)
2. So the O(α′2) correction to the
3Note that the expressions for a1, a2 in [6] are valid only for the symmetric polarizations, whereas the
expressions in [12] are valid for both symmetric and antisymmetric polarizations.
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DBI action when the NSNS fields are small perturbations around the flat space and when
Fab = 0 is given by the following couplings:
S =
Tp
4
(4π2α′)2
32π2
∫
dp+1x e−φ
√
−G
[
RabcdRabcd − 2RˆabRˆab −RabijRabij + 2RˆijRˆij
−1
6
∂aHijk∂
aH ijk − 1
3
∂iHabc∂
iHabc +
1
2
∂aHbci∂
aHbci
]
(28)
where the indices are raised and lowered by the flat metrics ηab and ηij. So far we have
assumed that the dilaton is a constant. In the next section we consider the non-constant
dilaton case. It turns out that the above action is valid even for non-constant dilaton field.
4 Dilaton couplings
We have seen that by using the linearized T-duality transformation (6) for graviton and
B-field, one finds that the curvature terms in (4) are invariant under T-duality. On the
other hand the dilaton transforms to graviton under T-duality. If one assumes that there
are some terms in the action (4) at order O(α′2) which involve the derivative of dilaton, then
the dilaton transformation would produce terms like ∂∂φ∂∂hyy which ruins the T-duality
of the curvature terms in (4). So the consistency with the T-duality transformations (6)
may indicate that there is no dilaton couplings at order O(α′2) in the string frame action.
To state it differently, consider the Einstein frame couplings, i.e., Gµν = e
φ/2GEµν which is
hµν = h
E
µν +
φ
2
ηµν (29)
at the linear order. To find the Einstein frame couplings of n dilatons and m gravitons from
the corresponding string frame couplings of n+m gravitons, one must replace n gravitons
by n dilatons, i.e., hµνhαβ · · · → φηµνφηαβ · · ·. The above speculation is that the derivative
of the dilaton appear in the Einstein frame action only through this replacement. In the
momentum space, this replacement corresponds to replacing a graviton polarization εµν
with ηµν .
One the other hand, it is known that the S-matrix elements of dilaton is given by the
S-matrix elements of massless NSNS state in which the polarization is the following:
εµν =
1√
D − 2(ηµν − ℓµpν − ℓνpµ) ; ℓ·p = 1 (30)
where the auxiliary vector ℓµ insures that the polarization satisfies the on-shell condition
p ·εν = 0. As an example consider the S-matrix element of one massless NSNS state and
one transverse scalar field in superstrig theory [14]
A(λ, h) ∼ 4(k1)a(ε2)ai(ζ1)i + (p2)i(ζ1)iTr(ε2 ·D) (31)
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This amplitude for graviton produces the following couplings of the DBI action:
L(λ, h) ∼ 2hia∂aλi + λi∂ihaa (32)
where the first terms is coming from the pull-back of metric hµν and the last term is Taylor
expansion of haa. Now if one replaces the polarization (30) into the amplitude (31), one
will find
A(λ, φ) ∼ p− 3
2
√
2
(ζ1)ip
i
2 (33)
which produces the Taylor expansion of the dilaton in the DBI action in the Einstein frame,
i.e.,
L(λ, φ) ∼ p− 3
2
√
2
λi∂iφ (34)
The amplitude (33) can not be found from the amplitude (31) by replacing the graviton
polarization εµν in (31) by ηµν . This may indicate that the dilaton coupling (34) is not
given by the string frame couplings (32) transformed to the Einstein frame. However, the
difference is the extra factor of e−φ in the string frame action.
Using the above observations, one may speculate that, apart from the extra factor of
e−φ, the dilaton couplings in the Einstein frame are given by the string frame graviton
couplings which transformed to the Einstein frame. We will show that this is the case for
the couplings of one dilaton and one graviton, and for two dilatons couplings at order α′2.
The S-matrix element of one graviton and one dilaton is given by (25) in which one
of the graviton polarizations, e.g., (ε1)µν is replaced by (30). The kinematic factor (26)
becomes
K(φ, h) = (Tr(D) + 2)
(
p1 ·D·p1 p1 ·ε2 ·p1− (35)
−p1 ·p2[2p1 ·ε2 ·D·p2 + p2 ·D·ε2·D·p2 + p1 ·D·p2Tr(ε2 ·D)]
)
Note that the auxiliary vector ℓµ disappeared and the amplitude is zero for the D3-brane,
as expected. One can easily check that the above kinematic factor can be obtained from
the kinematic factor of two gravitons by replacing the graviton polarization (ε1)µν with
ηµν . This is consistent with the above speculation. In fact the curvature terms in (4) for
non-constant dilaton gives the following couplings in the Einstein frame:
(Tr(D) + 2)[Rˆabφ,ab − Rˆijφ,ij] (36)
which reproduces exactly the amplitude (35).
Finally, the S-matrix element of two dilatons is given by (25) in which both graviton
polarizations are replaced by (30). The kinematic factor (26) in this case becomes
K(φ, φ) = −(Tr(D) + 2)2 p1 ·p2 p1 ·D·p2 (37)
11
which can easily be found from the kinematic factor (35) by replacing the graviton polariza-
tion (ε2)µν with ηµν . This is again consistent with the above speculation that the couplings
of two dilatons in the Einstein frame are given by the couplings of two gravitons in the
string frame transformed to the Einstein frame. That is, the string frame curvature terms
in (4) for non-constant dilaton gives the following couplings in the Einstein frame:
(Tr(D) + 2)2[(φ,ab)
2 − (φ,ij)2] (38)
which reproduces the dilaton amplitude (37), as expected.
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